The hierarchical modelling of a linear heat conduction problem in an orthotropic sandwich plate of thickness 2d is analyzed and the asymptotic structure of the solution and the boundary layers are obtained. A family of lower dimensional, hierarchical models with increased model order in a O(dj lndj) vicinity of the lateral edge is constructed by energy projection. It is shown that these models converge in the energy norm with optimal order as d ! 0 to the exact solution regardless of the boundary layers.
Introduction
In recent years, structures made of laminated composites have become increasingly important in a number of industries. Often the structural components are in addition thin, i.e. we deal with beams, rods, plates and shells. The accurate and e ective numerical prediction of their macroscopic as well as of their microscopic responses under external forces has therefore become increasingly important. Typically one exploits the special geometry of the structure by adopting a lower dimensional model, which is obtained by asymptotic techniques as outlined, for example, in 4]. The laminated materials, on the other hand, are dealt with by proposing \averaged" e ective models with ctitious, homogeneous materials prior to the asymptotic analysis. While accurately predicting the macroscopic response of the structures, this class of models does not allow for an accurate assessment of the microscopic features, such as interlamina stresses and boundary e ects, which govern the onset of delamination.
In the present paper we analyze therefore an alternative approach for a model problem of heat conduction in a thin plate which consists of a stack of orthotropic layers ideally bonded together. As in 9] we replace the three-dimensional boundary value problem by a hierarchy of two dimensional problems which approximate the original problem as both thickness tends to zero and the order of the model tends to in nity. Moreover, accuracy and complexity of the models are independent of the number of layers, and already low order models allow to resolve cross-sectional micro e ects accurately, even for a large number of layers, in contrast to the above mentioned \e ective" models. We view hierarchical modelling as an optimized numerical method for the approximation of three dimensional boundary value problems with special structure -here a strati ed material and a thin geometry. The e ectiveness of this approach depends strongly the boundary layers { solution components that decay exponentially o the lateral boundary of the plate and play an important role in the onset of delamination. We show in this paper that a local increase of the model order in a O(dj ln dj) { neighborhood of the lateral boundary of the plate results in a plate model which resolves the boundary layers of the exact solution, i.e. the modelling error is of optimal asymptotic order. Models of the type investigated here have also been computationally realized and successfully used in engineering applications 2] and are amenable to an adaptive selection of the model order (\d-adaptivity") 3], 5]. Then the weak solution u(x; y) of (2.5) satis es u(x; y) = u(x; ?y) for a.e. x 2 !. Remark and q = fq 1 ; :::; q M g. Here X j are unknown coe cient functions to be determined and ' i (z), z 2 (?1; 1), are d-independent, a-priori selected coe cient functions. For a given selection of f' i g, P, q, the (P; q)-model is obtained by energy projection: Find u(P; q) 2 S(P; q) such that B(u(P; q); v) = F(v) 8v 2 S(P; q):
We observe that the modelling error e(P; q) := u ? u(P; q) is optimal, i.e. ke(P; q)k E( ) = inf w2S(P;q) ku ? wk E( ) :
Another important property of the modelling error is Theorem 3.1 Assume that ' 0 is constant. Then 
Asymptotic Analysis of u
In this section we analyze the structure of the weak solution u of (2.5) as d ! 0. We show that it can be separated into a limiting solution u N 0 which has product form and into boundary layers u N BL , which have three dimensional character. B(e; v) kvk E( ) and, by (4.9), the supremum needs only be taken over all v 2 H 1 ( ; ?) for which 
Boundary Layer Resolution
The result (4.1) on the asymptotic structure of the solution (2.5) allows, together with the quasioptimality (3.3) of the modelling error for an estimate of kek E( ) . Let us rst consider an uniform model order q, i.e. P = f!g; q = fqg; q 0: 
We will now prove that the optimal asymptotic rate of convergence of d 2N+1=2 can be recovered, if we use instead of the uniform model order N in (5.1) P = f! t ; t g; q = fN; Mg; (5.22) where ! t := fx 2 ! j dist(x; ) > tg, t = !n! t , t > 0 is a parameter at our disposal and M >> N is an elevated model order near the edge of the plate. 
Concluding Remarks
In this nal section we brie y address the design of S(P; q) in the vicinity of . To this end we assume that for a mesh 0 = fz j j ?1 =: z 0 < z 1 < ::: < z K := 1g ?1; 1] the functions a(z); b(z) are piecewise constant on (z j ; z j+1 ) and that is smooth. Then it is well known that u and u N BL become singular on the sets fz j dg, due to edge -and interface singularities (see Figure 1 for K = 3 layers). The functions 2j in (4.4) -(4.6) are in this case piecewise polynomials of degree 2j and the size of M necessary in (5.27) is governed by the regularity of u N 0 + u N BL in t . Although the subspace S(P; q) in (3.1) has a simple structure, it is not very well suited for the approximation of singular solutions. Remark 5.2 allows to alter S(P; q) in t to obtain better approximation properties, as long as S(f!g; N) S(P; q). Let us indicate how to obtain a suitable modi cation of S(P; q). So far we only analyzed the semidiscretization error under the assumption that the coupled, elliptic system for the unknown coe cient functions X (i) in (6.3) can be solved exactly. Our conclusions remain valid, however, if this system is also discretized with a su ciently accurate nite element method. The resulting scheme is a conforming discretization of the three dimensional problem (2.1) with h?p re nement in the boundary layer and a single layer of \brick" elements with the nonpolynomial shape functions 2j in the cross section for the interior of the plate.
